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Introduction
The description of the laws of physics for space and time-dependent problems are usually expressed in terms of partial differential equations (PDEs). For the vast majority of geometries and problems, these PDEs cannot be solved with analytical methods. Instead, an approximation of the equations can be constructed, typically based upon different types of discretizations. These discretization methods approximate the PDEs with numerical model equations, which can be solved using numerical methods. The solution to the numerical model equations are, in turn, an approximation of the real solution to the PDEs. The finite element method (FEM) is used to compute such approximations. The finite element method is a numerical method for solving problems of engineering and mathematical physics. The words "finite element method" were first used by Clough in his paper in the Proceedings of 2 nd ASCE (American Society of Civil Engineering) conference on Electronic Computation in 1960. Several authors are applying finite element method in their research problems. Baltacıoğlu et al. [1] studied large deflection analysis of laminated composite plates resting on nonlinear elastic foundations by the method of discrete singular convolution. Shu et al. [2] studied the applications of generalized differential and integral quadrature to solve boundary layer equations. Civalek et al. [3] studied discrete singular convolution approach for buckling analysis of rectangular Kirchhoff plates subjected to compressive loads on two-opposite edges. The combined effects of heat and mass transfer on unsteady MHD natural convective flow past an infinite vertical plate enclosed by porous medium in the presence of thermal radiation and Hall Current was investigated by Ramana Murthy et al. [4] . Rao et al. [5] found the numerical results of the non-linear partial differential equations of free convective magnetohydrodynamic flow past semi-infinite moving vertical plate with the effects of thermal radiation and viscous dissipation using finite element technique. Srinivasa Raju [6] studied the combined effects of thermal-diffusion and diffusion-thermo on unsteady free convection fluid flow past an infinite vertical porous plate in the presence of magnetic field and chemical reaction using the finite element technique. Srinivasa Raju [7] studied the combined effects of Soret and Dufour on natural convective fluid flow past a vertical plate embedded in porous medium in presence of thermal radiation via finite element method. Srinivasa Raju et al. [8] studied the joint influence of transpiration and hall effects on unsteady magnetohydrodynamic free convection fluid flow over an infinite vertical plate using finite element method. Srinivasa Raju et al. [9] studied unsteady magnetohydrodynamic free convective flow past a vertical porous plate with variable suction by applying finite element technique. Sailaja et al. [10] found the numerical solutions of double diffusive effects on magnetohydrodynamic mixed convection casson fluid flow towards a vertically inclined plate filled in porous medium in presence of biot number using finite element technique.
The study of non-Newtonian fluids is an important topic for researchers due its industrial applications in construction of paper production, polymer sheet, hot rolling, glass-fabric, wire drawing and petroleum production. The tangent hyperbolic fluid, Maxwell fluid, Williamson fluid, viscoelastic fluids, etc. are non-Newtonian fluids describing the nonlinearity behaviour. Casson fluid model is one of the most commonly used rheological model and has number of examples such as blood, fruit juices, soup, sauce, chocolate, etc. A magnetohydrodynamics (MHD) flow of non-Newtonian fluid was first studied by Sarpkaya [11] and then followed by many authors. The two-dimensional flow over unsteady stretching surface presented by Mukhopadhyay et al. [12] . Mukhopadhyay et al. [13] found numerical solutions for a steady heat transfer in a Casson fluid boundary layer flow over exponentially stretching permeable surface in presence of heat flux. Raju et al. [14] discussed Casson fluid over an exponentially porous stretching sheet in presence of heat and mass transfer effects. Das et al. [15] analyzed the combined effects of heat and mass transfer for unsteady Casson fluid in a vertical plate. Mahanta et al. [16] studied the concepts of magnetohydrodynamic 3D Casson fluid flow pass a porous linear stretching sheet. The influence of thermal radiation on unsteady free convection flow of an electrically conducting, gray gas near equilibrium in the optically thin limit along an infinite vertical porous plate were investigated by Seddeek and Aboeldahab [17] in the presence of strong transverse magnetic field imposed perpendicularly to the plate, taking hall currents into account.
The main goal of this paper is to find the numerical solutions using a powerful technique namely the finite element method for the primary and secondary velocities and temperature distributions to study the unsteady magnetohydrodynamics casson fluid flow over a vertical plate in the presence of hall current and thermal radiation. The effects of different involved parameters such as grashof number for heat transfer, magnetic field parameter, hall parameter, thermal radiation parameter, angle of inclination, Prandtl number on the primary and secondary fluid velocities and temperature distributions are plotted and discussed.
Mathematical formulation
The simultaneous effects of thermal radiation and hall current on unsteady MHD free convective Casson fluid flow over a vertical plate in presence of heat transfer is studied. For this present investigation, let   x axis is taken to be along the plate and   y axis normal to the plate. Since the plate is considered infinite in   x direction, hence all physical quantities will be independent of   x direction. Therefore, all the physical variables become functions of y  and t only. The wall is maintained at constant temperature w T  higher than the ambient temperature   T respectively. All the fluid properties except the density in the buoyancy force term are constant and the plate is electrically non-conducting. The viscous dissipation and the joule heating effects are negligible in the energy equation. A uniform magnetic field of magnitude o B is applied normal to the plate. The transverse applied magnetic field and magnetic Reynolds number are assumed to be very small, so that the induced magnetic field is negligible. Also, assumed that the electric field is neglected. The rheological equation of state for the Cauchy stress tensor of Casson fluid [18] is written as
where  is shear stress, 0  is Casson yield stress,  is dynamic viscosity, *  is shear rate, 
Substituting Eq. (3) into Eq. (4), then, the kinematic viscosity can be written as
However, Cogley et al. [19] showed that, in the optically thin, limit for a gray gas near equilibrium the following relation holds:
Where
With all the above assumptions and the usual boundary layer and Boussinesq's approximation are ( [17] ):
Equation of Continuity:
Momentum Equations:
Energy equation:
The corresponding boundary conditions are given by
We now define the similarity variables as follows:
Where  
is a similarly parameter length scale and 0 u is the free stream velocity. In terms of ) (t h , a convenient solution of (7) can be given by
Where 0 v is a non-dimensional transpiration parameter, clearly 0 0  v and 0 0  v indicates suction or injection respectively. Substituting (12) and (13) in Eqs. (8), (9) and (10) yields
The boundary conditions corresponding to the Eqs. (14), (15) and (16) are
Eqs. (14), (15) and (16) are similar except for the term
where t appears explicitly. Thus, the similar condition requires that
Hence it is assumed that
Where 1 C is an arbitrary constant. At 1 C = 2 and by integrating equation (18), one obtain
which defines the well-established scaling parameter for unsteady boundary layer problems ( [20] ). Hence, the similarity equations are obtained as [24] ) and many other fields. It is recognized by developers and users as one of the most powerful numerical analysis tools ever devised to analyze complex problems of engineering. The sophistication of the method, its accuracy, simplicity, and computability all make it a widely used tool in the engineering modelling and design process. It has been applied to a number of physical problems, where the governing differential equations are solved by transforming them into a matrix equation. The primary feature of FEM is its ability to describe the geometry or the media of the problem being analyzed with great flexibility. This is because the discretization of the domain of the problem is performed using highly flexible uniform or non uniform patches or elements that can easily describe complex shapes. The method essentially consists in assuming the piecewise continuous function for the solution and obtaining the parameters of the functions in a manner that reduces the error in the solution. An excellent description of finite element formulations is available in Bathe [25] and Reddy [26] . The steps involved in the finite element analysis areas follows.
1. 1. Discretization of the Domain:
The basic concept of the FEM is to divide the domain or region of the problem into small connected patches, called finite elements. The collection of elements is called the finite element mesh. These finite elements are connected in a non overlapping manner, such that they completely cover the entire space of the problem.
1. 2. Generation of the Element Equations:
 A typical element is isolated from the mesh and the variational formulation of the given problem is constructed over the typical element.
 Over an element, an approximate solution of the variational problem is supposed, and by substituting this in the system, the element equations are generated.
 The element matrix, which is also known as stiffness matrix, is constructed by using the element interpolation functions. In one-dimensional space, linear element, quadratic element, or element of higher order can be taken. The whole domain is divided into a set of 40 intervals of equal length 1 . 0 . At each node three functions are to be evaluated. Hence after assembly of the elements we obtain a set of 123 equations which are nonlinear. Therefore, an iterative scheme must be utilized in the solution. After imposing the boundary conditions, a system of equations has been obtained which is solved by the Gauss elimination method while maintaining an accuracy of 0.00005. A convergence criterion based on the relative difference between the current and previous iterations is employed. When these differences satisfy the desired accuracy, the solution is assumed to have been converged and iterative process is terminated. The Gaussian quadrature is implemented for solving the integrations. The code of the algorithm has been executed in MATLAB "bvp4c" running on a PC. Excellent convergence was achieved for all the results. To investigate the sensitivity of the solutions to mesh density, it was observed that in the same domain the accuracy is not affected, even if the number of elements is increased, by decreasing the size of the elements. This serves only to increase the compilation times and does not enhance in any way the accuracy of the solutions, as shown in table 1. Thus, for computational purposes, 1000 elements were taken for presentation of the results. Excellent convergence was achieved in the present study.
Study of Grid Independence of Finite Element Method

Program Code Validation:
In order to ascertain the accuracy of the numerical results, the present results are compared with the previous analytical results of Mohamed Seddeek and Emad Aboeldahab [17] in table 2 when γ = 0. They are found to be in an excellent agreement. Also, concluded a set of results corresponding to various special cases.
(i) Substitute M = 0, m = 0, R = 0 and γ = 0 in equations (19), (20) and (21) yields identical results to those well known in hydrodynamics (Schlichting [21] ).
ii) Substitute m = 0, R = 0 and γ = 0 in equations (19), (20) and (21) yields identical results to those well known in (Nirmal et al. [27] ). 
Results and Discussions:
We solve the similarity equations (19), (20) and (21) numerically subject to the boundary conditions given by (17) . Graphical representations of the numerical results are illustrated in figure  ( 2) through figure (13) (Pr = 11.40). To examine the effect of parameters related to the problem on the velocity field and skin-friction numerical computations are carried out at Pr = 0.71. To find solution of this problem, we have placed an infinite vertical plate in a finite length in the flow. Hence, we solve the entire problem in a finite boundary. However, in the graphs, the y values vary from 0 to 10, and the velocity, temperature, and concentration tend to zero as y tend to 10. This is true for any value of y. Thus, we have considered finite length. Figs. 1 and 2 show that the primary velocity and the secondary velocity increase with an increase in Grashof number Gr . Grashof number Gr signifies the relative effect of the thermal buoyancy force to the viscous hydrodynamic force. As expected, it is observed that there is a rise in the fluid velocity due to the enhancement of thermal buoyancy force. It is due to the fact that an increase of Grashof number has a tendency to increase the thermal effect.
1. Effect of Grashof number for heat transfer, Gr.
2. Effect of Magnetic field parameter, M.
Figs. 3 and 4 display the effect of magnetic parameter (M) on primary and secondary velocities. It is seen from these figures that the primary as well as secondary velocity falls when M increases. That is the primary or secondary fluid motion is retarded due to application of transverse magnetic field. This phenomenon clearly agrees to the fact that Lorentz force that appears due to interaction of the magnetic field and fluid velocity resists the fluid motion. 
4. Effect of thermal radiation parameter, R.
The effects of the thermal radiation parameter on the primary velocity and temperature profiles in the boundary layer are illustrated in figures (7) and (8) respectively. Increasing the thermal radiation parameter produces significant increase in the thermal condition of the fluid and its thermal boundary layer. This increase in the fluid temperature induces more flow in the boundary layer causing the velocity of the fluid there to increase. The effect of thermal radiation parameter on secondary velocity profiles is shown in the figure (9) . From this figure, we observe that the secondary velocity is increasing with increasing values of thermal radiation parameter. figure, it is observed that an increase in the Prandtl number results a decrease of the thermal boundary layer thickness and in general lower average temperature within the boundary layer. The reason is that smaller values of Prandtl number are equivalent to increasing the thermal conductivities, and therefore heat is able to diffuse away from the heated surface more rapidly than for higher values of Pr. This is because, either increase of kinematic viscosity or decrease of thermal conductivity leads to increase in the value of Prandtl number. Hence temperature decreases with increasing of Prandtl number. 
Conclusions:
This work investigated the combined effects of hall current and thermal radiation on an unsteady MHD free convective Casson fluid flow near a vertical plate in presence of heat transfer. The similarity solutions were obtained using suitable transformations and the resulting similarity ordinary differential equations were solved by using finite element method. A parametric study illustrating the influence of different flow parameters on primary velocity, secondary velocity and temperature are investigated. (i). The Grashof number has an accelerating effect on the flow velocity due to the enhancement in the buoyancy force.
(ii). Thermal buoyancy force tends to retard the secondary fluid velocity throughout the boundary layer region. (iii). Hall parameter tends to accelerate both the primary and secondary fluid velocities throughout the boundary layer region. (iv). Finally, the analytical solutions and the numerical solutions were compared and the numerical comparisons showed an excellent compatible between the values.
